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Abstract 


In this paper we have studied a black hole in de Sitter space which has a con¬ 
formally coupled scalar field in the background. This black hole is also known as 
the MTZ black hole. We have obtained exact values for the quasi normal mode fre¬ 
quencies under massless scalar field perturbations. We have demonstrated that when 
the black hole is near-extremal, that the wave equation for the massless scalar field 
simplifies to a Schrodinger type equation with the well known Poshlcr-Teller poten¬ 
tial. We have also used 6th order WKB approximation to compute quasinormal mode 
frequencies to compare with exact values obtained via the Pbshlcr-Tell method for 
comparison. As an application, we have obtained the area spectrum using modified 
Hods approach and show that it is equally spaced. 

Key words: static, conformally, extreme, black hole, quasi-normal modes, area 
spectrum 

1 Introduction 

No hair conjecture which says that black holes can be characterized only by its mass, 
charge and angular momentum can be violated by the presence of scalar fields. There 
are several examples of such hairy black holes with minimally coupled scalar held 
mill There are also interesting black hole solutions with non-minimally 
coupled scalar fields. A charged black hole with scalar hair where the scalar held was 
nonminimally coupled to gravity was presented by Xu amd Zhao [2]. 

In this paper, we are interested in a black hole solution with conformally coupled 
scalar held called MTZ black hole constructed by Martinez et.al [6]. This particular 
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black hole has a self interacting scalar held which is real and is non-minimally coupled 
to gravity. MTZ black hole is asymptotically de Sitter and has a scalar held which 
diverge inside the horizon. Thermodynamics of the MTZ black hole was studied by 
Barlow et.al. [7]. Instability of the MTZ black hole was studied by Harper et.al [8j. 

There are several interesting works on black holes with a conformal scalar held. 
Anabalon and Maeda [9] obtained a class of black holes which belong to the Plebahski- 
Demiahski family which contain the MTZ black hole as a subclass. The issue of 
existence of exact black hole solutions and their thermodynamical properties for 
spacetimes with a conformally coupled scalar held in n dimensions were discussed 
by Nadalini et.al (TOj. An asymptotically anti de Sitter black hole in 2+1 dimensions 
with a conformally coupled scalar held was found in [IT]. 

In this paper, we are interested in studying the quasinormal modes (QNM) of a 
near extreme MTZ black hole and deriving the area spectrum from the frequencies 
of the QNM. When a black hole is perturbed, after the initial response, the black 
hole starts to vibrate with frequencies which are complex. Such oscillations are called 
quasinromal modes (QNM). QNM frequencies are insensitive to the initial perturba¬ 
tion and only depend on the properties of the black hole such as mass, charge and 
angular momentum. QNM have attracted lot of attention in black hole physics re¬ 
search community. Two main reasons are the relation of QNM’s to gravitational wave 
astrononomy [12] and the AdS/CFT correspondence pL3] . We will omit getting into 
details of applications of QNM and refer to excellent reviews by Berti et.al. hi and 
Konoplya and Zhidenko [ 15] , 

QNM also have attracted attention due to its relation to the area spectrum of 
a quantum black hole. The history of this aspect starts with Bekenstein’s famous 
conjecture M HU that in a quantum theory, the black hole horizon area should have 
a equally spaced discrete spectrum such that, 


A n = e/p?z; n — 0,1, 2,... 


( 1 ) 


Here, Ip is the Plank length and we have taken c — G — 1. Therefore, l 2 P = h. The 
exact value of e has to be determined by a quantum theory of gravity. Hod made 
an interesting argument that e could be determined by the real part of the QNM’s 
for high overtones [18]. This is known as Hods conjecture. Specifically, it relates the 
fundamental mass unit in a quantum theory to the real part of QNM frequency (cor) 
as, 


( 2 ) 


A M = Tiujr 


By applying this conjecture to the Schwarzschild black hole, Hod determined e = 4ln3. 

Maggiore [19] gave a new interpretation to QNM by arguing that a perturbed 
black hole should be treated as a collection of harmonic oscillators. Also he argued 
that the frequency of the oscillations should be, 



( 3 ) 
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Since for high overtone QNM (large n), \uji\ u>r, in the large n limit, uj p <=n |a;/| 
rather than uj r . Also Ur in eq.(]2|) should be replaced by the transition between 
adjacent QNM frequencies such that, 

A a j — lim coJn + 1) — uiJn) (4) 

n—too ^ t' \ / \ 

Hence, the modified Hod’s conjecture can be represented as 

AM = h( lim l u p (n + 1) - c o p {n )) « %lim n -+ <x> (\(uJi) n \ ~ \(^i)n-i\) (5) 

Using this modified approach, e was found to be 87 t and the area spectrum was found 
to be equally spaced for the Schwarzschild black hole [T9] . Vagenas showed that the 
area spectrum if equally spaced and A n = 8nhn for the Kerr black hole using the 
modified Hods conjecture [20] . Lopez-Ortega demonstrated that a d dimensional de 
Sitter space have an area spectrum A n = IGnhn with e = 167T [21] , 

In this paper, we will explore the area spectrum of the near extreme MTZ black 
hole via the modified Hod’s approach. 

The paper is structured as follows: In section 2 we will introduce the MTZ black 
hole. In section 3 we will discuss the properties of the near extreme black hole. In 
section 4, we will discuss the massless scalar held perturbation of the black hole and 
derive exact values for the QNM frequencies for the near extreme MTZ black hole. 
In section 5, we will discuss the area spectrum and finally in section 6 the conclusion 
is given. 


2 Introduction to the MTZ black hole 

In this section, we will give an introduction to the MTZ black hole. The action for a 
scalar which is conformally coupled to gravity with a positive cosmological constant 
is given by, 

s = J dax ^(^-\^-^- a * a ) < 6 > 

We have taken G = c = 1. R is the scalar curvature, A is the cosmological constant, 
$ is the scalar held and a is a coupling constant. In the above action, the matter 
part is invariant under the conformal transformation, 

9nu ~> < 3 > —>■ ^ ( 7 ) 

MTZ black hole derived by Martinez et.al. [6] is given by 

dv^ 

ds 2 = — f(r)dt 2 + —r^r + r 2 (d0 2 + sin 2 dd(j) 2 ) (8) 

f{r) 
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where 



The scalar field $ is given by, 


$ = 



M \ 
r — M ) 


( 9 ) 


( 10 ) 


The scalar curvature R = 4A. Note that A = 4. The given solution exists only if, 


a = — 


2 

3F 


( 11 ) 


One may notice that the geometry given by the metric in eq.(JS]), is the same as the 
Reissner-Nordstrom-de Sitter black hole with M = Q. 

The MTZ black hole have three horizons, inner, event and cosmological horizons 
respectively given by, 



-1 + 



( 12 ) 
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2 
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1 - 

1 + 



(13) 

(14) 


There is a curvature singularity at r = 0. The scalar field is singular at r = M. It is 
clear that when M = |, r e — r c . Such space-times are called Nariai black holes [22] . 
Hence, the event and cosmological horizon exists only if M < 1. 

The Hawking temperature of the MTZ black hole is, 


T h = 


1 I 4M 

2ttI V / 


(15) 


Hawking temperature is the same for both the event and cosmological horizon. Hence, 
from the point of view of the Reissner-Nordstrom-de Sitter black hole, such space- 
times are called lukewarm black holes [231 . 

The entropy of the black hole does not obey the usual area law. Instead, it is 
given by [7] 



( 16 ) 
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3 Near-extremal black holes 


In this paper, we focus on the near extremal MTZ black hole. In the near extremal 
black hole the black hole event horizon r e is very close to the cosmological horizon r c . 
Lets define the extreme black hole radius as r ex — r c — r e — Note that this occurs 
when M — j. Now, when r e fa r c , one can expand the function /(r) in a Taylor series 


Here, 


f(r) 


For the MTZ black hole, 


2 V r e )(r r c ) 

(17) 

f"(r) = d2/(r) 

J { f dr 2 

(18) 

f"{r ex) = -^ 

(19) 


For the near extreme MTZ black hole the tortoise coordinate r* can be defined as, 


l 2 


r* = 


dr 


f(r) 2 (r e - r c ) 


log 


r c — r 


( 20 ) 


When r —> r e , r* 
to obtain r as, 


—y —oo and r —> r c , r* —> oo. One can invert the relation in eq. 


r = 


T e ~b T c C^ r * 

1 + e nr * 


( 21 ) 


Here, 


V 




( 22 ) 


With the definition given in eq. ()2T)) for r, the function f(r) for the near extream MTZ 
black hole can be written as, 


Here, 


f(r) = 

7 

(23) 

4 (Cosh (^)) 2 

2 . 

,0 , 4M. 

(24) 

7 = p(n ~ 

-^e) 2 = 2(l-— ) 
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Quasi normal modes of a massless scalar per¬ 
turbation of a black hole 


In this paper, we are interested as to how the MTZ black hole reacts to perturbations 
by a massless scalar field. First we will give an introduction to the scalar held per¬ 
turbations by a black hole. The equation for a massless scalar held around a black 


5 












hole is given by the Klein Gordon equation, 


V 2 ^ — 0 


( 25 ) 


With the ansatz for the scalar field given by, 


^ = e- wt y iim (0,0) 


R(r ) 


eq. 


with, 


simplifies to a Schrbdinger-type equation given by, 
d 2 R(r *) 


drl 


+ ( 'uj 2 - H e// (r*)) #(r*) = 0 


(26) 


(27) 


rr , ^ j(j + !)/W , 1 d(/(r) 2 ) 

Ueff{n) = -*-+ 


, (28) 
2 r dr 

Here, j is the spherical harmonic index and r* is the tortoise coordinates defined in 
section(3) in eq. (l20]) . 

Now we can write the effective potential in eq. ()28|l for the near extreme MTZ 
black hole with f(r) given in eq. fl23ll . We have assumed f{r) ~ 0 since the black hole 
is near extremal. Therefore, only the first term is dominant in the effective potential. 
We have also approximated r « r e . With these approximations, the effective potential 
can be written as, 

(29) 


Cosh?{m 


Here, 


2 

4 M' 


Hn = 


lj{j + 1) _ 2(! - —)j{j + 1) 


/l/v»2 Zl'r’2 

e e 

Now the wave equation for the scalar perturbations simplifies to, 

d 2 i?(r*) / o U n 


drl 


+ Uk - 


Cosh 2 (*£ 


R(r*) = 0 


(30) 


(31) 


The potential 


Uo 

Cosh 2 ( 2Ti) 


is the well known Poshl-Teller potential. Ferrari and Mash- 


hoon |25j demonstrated that uj can be computed exactly for the wave eq. fjdTj) as, 


u=^U Q - + ( 32 ) 

Here U 0 and r/ are given in eq. fl30)l and eq. (122T) . 

We have made comparisons with to values obtained via the 6th order WKB method 
developed by Konoplya [26] and the ones obtained using the Poshl-Teller approxima¬ 
tion. The results are displayed in Table 1. One can observe that both approaches 
agree. u>i agree better compared with lor. The agreement give validation for the 
approximation we have used for the near extreme black hole. 
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j 

n 

l 

W (P'T) 

u (WKB) 

1 

0 

4.1 

0.0883 - i 0.0190 

0.0755 - i 0.0196 

2 

0 

4.1 

0.1552 - i 0.0191 

0.1332 - i 0.0195 

2 

1 

4.1 

0.1552 - i 0.0571 

0.1330 - i 0.0584 

3 

1 

4.1 

0.2203 - i 0.0571 

0.1891 - i 0.0583 

3 

2 

4.1 

0.2203 - i 0.0952 

0.1888 - i 0.0972 

4 

2 

4.1 

0.2849 - i 0.0952 

0.2444 - i 0.0971 


Table 1. The table shows u from the Poshl-Teller approximation and WKB 
method. Here, M = 1. Note that for extreme black hole, l = AM = 4. Hence, 
we have chosen a l value close to 4 for comparison. 


5 Area spectrum of the near-extreme MTZ black 
hole 


In this section we will apply modified Hods conjecture described in the introduction 
to derive the area spectrum of the near-extreme MTZ black hole. Let us recall the 
modified Hods conjecture as, 


A A : I hli'TTln—^oo (|(tU/) n | |(cU/) n _i|) 


Since AM = AH (ff) 




' dA" 
dM, 


Since A = Airr for the MTZ black hole, 

( dA 


dM, 


= 8nr~ 


4 M 


For the MTZ black hole, 


(|(w/)n| | (k-h)n—11) — 


r? 


By substituting the above facts to the eq. 


A A — 8Tltt 1 — \ 1 — 


AM 


Since the black hole is near extreme, M cs Therefore, 

A A — 8Tiir 


(33) 

(34) 

(35) 

(36) 

(37) 

(38) 
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Since A A = A n+ i — A n , 


A n = 8fnrn 


(39) 


From the results obtained above, it is obvious that the area spectrum is equally 
spaced for the near-extreme MTZ black hole. Since A n = 87 rhn = Anri, r e also gets 

quantized as, _ 

f e(n) = Vzhn (40) 

r e has a discrete spectrum but is not equally spaced. Due to the fact that M and r e 
are related, the mass M can be shown to be quantized as, 


„ r /rn— 2 fin 
M n = v2 Tin -— 


(41) 


The scalar field on the horizon can be computed via eq. (fTU]h 


$ = 

T) 


73 / 


l 


v / 47 r \\f2hn 
The entropy can be calculated from eq. (fT 6 lh 


(42) 


S n = 


A r 


1 - 


<h(r e ) 


6 


fin l 2 l\Jfm 

= 2n Tin - 1 - 3 =r- 

4 8 2a/2 


(43) 


it is clear that the entropy does not equally spaced. There are extra terms other than 
the usual 2nUn term one expects. 


6 Conclusion 

In this paper, we have studied QNM of near-extreme MTZ black hole. MTZ black 
hole is obtained with a conformally coupled scalar field in its background and it is 
asymptotically de Sitter. The MTZ black hole has the same geometry as the lukewarm 
Reissner-Nordstrom-de Sitter black hole. The MTZ black hole has two horizons; an 
event horizon (r e ) and a cosmological horizon (r c ). For the near-extreme black hole, 
r e ~ r c . The massless scalar field perturbation for the near extreme MTZ black hole is 
shown to simplify to a Schrbdinger-type wave equation with a Poshl-Tellcr potential. 
Since the Schrodinger equation with a Poshl-Tellcr potential can be solved exactly, we 
found the QNM frequencies exactly for the near extreme MTZ black hole. To validate 
our approximation, we used 6 th order WKB approach developed by Konoplya [2.6] 
to compute u> . There is a remarkable agreement between the two methods: loi values 
are much more closer than c or. 

We applied the modified Hod’s conjecture to obtain the area spectrum. We found 
that the area spectrum is equally-spaced and given by A n = 87 rhn. The mass and the 
entropy of the black hole also are discrete but they are not equally spaced. 










The conclusion will not be complete if we do not make remarks of the well known 
Kunstatter’s method used to find the area spectrum in the literature [27]. Kunsttater 
proposed an adiabatic invariant quantity / given by, 

Here, E is the energy of the black hole and c o is the QNM frequency. For large n, due 
to the Bohr-Sommerfeld quantization, I approximate to, 

/ ~ nh , n —> oo (45) 

The method of Kunstatter, with oj in eq. (|44p as Aw in eq. (HI) has been employed to 
obtain the area spectrum of many black holes [20] (32] (4Dj [28] [22] [30] [31] . However, 
Kunstatter’s approach does not work well for near extreme black holes as described 
in [39] [32]. That is the reason only the Modified Hod’s approach to obtain the area 
spectrum for the near extreme black hole considered in this paper. 

In light of the results we obtained in this paper for the MTZ black hole, it is im¬ 
portant to compare the results obtained for other well known black holes along those 
lines. First, we like to make comparisons with the well known BTZ black hole in 2+1 
dimensions: Setare [33] employed Kunstatter’s method to compute the area spectrum 
of the non-rotating BTZ black hole. He used u>r in the expression I — J — and the 
resulting area spectrum was shown to be non-equally spaced. Kwon and Nam [34] , 
used Maggiore’s approach and used At o ~ \u)i\ n +i ~ |+r|n in / = f and obtained 
equally spaced area spectrum for the non-rotating BTZ black hole. We went one step 
further and used the modified Hod’s approach to compute the area spectrum of the 
non-rotating BTZ black hole and saw that the area spectrum is indeed equally spaced. 
The area spectrum of the extreme Reissner-Nordstrom black hole was computed by 
Setare using ujr in the expression I — J ^ and demonstrated that it has equally 
spaced area spectrum [35j. Setare and Vagenas investigated the area spectrum of the 
Kerr and the extremal Kerr black holes in [36]: the Kerr black hole area spectrum 
was not equally spaced while the extremal Kerr black hole did. Area spectrum of 
the Schwarzschild-de Sitter black hole was studied in two papers: Setare [37] used 
Kunstatter’s approach and used cor to obtain A A = 247+ 1) — 1/4. Li et.al. 
[38] employed the Maggiore’s approach and obtained A A = 87 rh for the same black 
hole at the near extreme limit. There are other examples of non-extreme black holes 
where the area spectrum was shown to be equally spaced such as, Garfinkle-Horowitz- 
Strominger black holc[[39], and, spinning dilaton black hole in 2 +1 dimensions [40] . 
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